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Abstract: This work presents a rigorous numerical and theoretical investigation into the stability characteristics of
nano-enhanced phase change materials (NEPCMs) subjected to control volume discretization. The governing
energy conservation equation is discretized using a finite volume scheme, incorporating nonlinear thermophysical
properties of NEPCMs, modeled via Maxwell-Garnett and mixture theory formulations for thermal conductivity
and heat capacity, respectively. An explicit expression for the axial velocity component is derived from the energy
balance, linking it to enthalpy evolution, spatial temperature gradients, and grid resolution. A generalized stability
criterion is reformulated from the Courant-Friedrichs-Lewy (CFL) condition, parameterized by local
thermophysical properties and mesh-dependent quantities. Stability number maps and phase-plane portraits are
generated using MATLARB to define feasible computational domains under varying spatial variations. The impact
of nanoparticle concentration, enthalpy flux, and thermal diffusion coefficients on the stability regime is
systematically quantified. Results demonstrate that stability deteriorates nonlinearly with increasing nanoparticle
concentration due to suppressed thermal diffusivity, and that finer spatial grids necessitate exponentially smaller
time steps to maintain numerical fidelity. The analysis bridges the gap between physical modeling and numerical
stability in NEPCM systems and establishes a robust framework for parameter selection in transient thermal
simulations of latent heat storage media.

Keywords: Control Volume Discretization, Enthalpy Evolution, Grid Resolution, Finite Volume Scheme, Nano-
Enhanced Phase Change Material; Stability Characteristics.

I. INTRODUCTION

The rising global energy demand, coupled with environmental concerns and the need for sustainable energy alternatives,
has driven extensive research into efficient energy storage technologies [17]. Among these, Thermal Energy Storage
(TES) systems have emerged as viable options for mitigating the mismatch between energy supply and demand,
particularly in solar energy applications. Latent Heat Thermal Energy Storage (LHTES) systems utilizing Phase Change
Materials (PCMs) are widely recognized due to their high energy density and the ability to store and release thermal
energy at nearly constant temperatures.

PCMs have emerged as effective thermal energy storage media due to their high latent heat and isothermal energy
absorption characteristics [28]. However, the inherently low thermal conductivity of PCMs limits their response time in
transient thermal systems. To address this limitation, researchers have explored the incorporation of nanoparticles into
PCMs, leading to the formation of nano-enhanced phase change materials (NEPCMSs), which exhibit significantly
improved thermal properties. NEPCMs combine the latent heat of fusion of PCMs with the enhanced thermal
conductivity of dispersed nanoparticles, making them particularly suitable for applications such as thermal management in
electronics, solar energy storage, and smart building materials.

Despite promising experimental advancements, the numerical modeling of NEPCMs poses challenges due to the complex
interplay of conduction, convection, phase transition, and stability constraints. The stability of numerical schemes,
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particularly when solving the governing energy equations using the control volume method (CVM), is sensitive to
parameters such as grid size, time step, and thermal properties. The Courant—Friedrichs—Lewy (CFL) condition places
critical limits on the allowable spatial and temporal discretization for stable simulations [7]. Existing works largely
overlook stability analysis in NEPCM simulations, especially in the context of coupled heat transfer processes within
finite control volumes [22, 24].

This study addresses this gap by developing a comprehensive control volume-based stability framework for NEPCM
systems. The formulation involves explicit discretization of the energy conservation equation using thermophysical
models such as Maxwell’s model for thermal conductivity and effective heat capacity relations. The stability criterion,

§= % is systematically evaluated across varying spatial and temporal grids, and its relationship with thermophysical

parameters is explored. Furthermore, the study extracts an analytical expression for velocity u;, derived from the
discretized energy equation, and links it directly to energy gradients, thermal diffusivity, and grid resolution. The
influence of grid size, time step, and volumetric nanoparticle fraction on the numerical behavior of NEPCMs is
systematically analyzed. Phase-plane plots further elucidate the directionality of stability evolution under parametric
variation.

Il. RELATED WORKS

Several studies have investigated phase change materials (PCMs) in the context of thermal energy storage. [27]
emphasized the mathematical modeling and numerical techniques applicable to phase change problems using finite
element and control volume methods. [1] reviewed enhancement strategies for PCM performance and highlighted the role
of nanoparticle inclusion in improving thermal conductivity.

[26] explored molecular-level enhancements in thermal conductivity due to nanoparticle dispersion and emphasized the
Maxwell model as an effective approximation for bulk NEPCM behavior. Similarly, [2] demonstrated the applicability of
control volume methods in modeling heat transfer during phase change but did not extend the study to nanoparticle
enhancement or numerical stability.

[15] applied control volume discretization for NEPCMs in thermal regulation devices and proposed stability-aware
meshing. However, a full analytical linkage between energy equation discretization, stability limits, and velocity
evolution was absent. Furthermore, while some works have considered the CFL condition in pure conduction systems,
there remains a lack of literature explicitly addressing its impact in the convective and conductive mixed domains of
NEPCM systems.

The thermal conductivity model most widely used in NEPCM modeling is based on Maxwell’s relation [19], which
estimates the effective thermal conductivity of spherical nanoparticle dispersions. Combined with empirical expressions
for specific heat capacity and density [16], this model serves as the foundation for control volume discretizations in this
study.

[5] and [21] highlighted the need for improved computational models in NEPCM simulation, particularly those that
account for enhanced conduction, convection, and latent heat interactions. These models often lack explicit criteria for
stability, leading to simulation inaccuracies under certain mesh conditions.

The low thermal conductivity of conventional PCMs, typically in the range of 0.1-0.7 W/mK—remains a critical
bottleneck limiting the rate of heat transfer and overall system efficiency. To overcome this drawback, recent studies have
proposed the incorporation of thermally conductive nanoparticles into PCMs, creating NEPCMs. The rationale is that
nanoparticles such as aluminum oxide (Al ;0 3), copper oxide (CuO), carbon nanotubes (CNTSs), and graphene exhibit
significantly higher thermal conductivities compared to the base PCM. For instance, multi-walled carbon nanotubes
(MWCNTS) can have thermal conductivities exceeding 3000 W/mK, while graphene can reach values over 5000 W/mK.
These enhancements are expected to facilitate more rapid melting and solidification, reduce thermal gradients, and
improve the consistency of thermal cycles.

[18] developed a finite volume numerical model to simulate the melting behavior of NEPCMs within a horizontal
cylindrical enclosure. Aluminum oxide (Al ;0 ;) was selected as the nanoparticle additive. The authors discretized the
governing equations for mass, momentum, and energy conservation, applying non-dimensionalization and enthalpy-based
Page | 87

Novelty Journals



https://www.noveltyjournals.com/
https://www.noveltyjournals.com/
https://www.noveltyjournals.com/

Ozg ISSN 2394-9651

International Journal of Novel Research in Physics Chemistry & Mathematics
Vol. 12, Issue 1, pp: (86-103), Month: January - April 2025, Available at: www.noveltyjournals.com

formulation to analyze thermal interactions during phase transition. The enclosure was heated from the inner cylindrical
shell while maintaining adiabatic conditions elsewhere. The simulations accounted for fluid velocity, nanoparticle
distribution, and thermophysical property variations using the Maxwell and Brinkman models for thermal conductivity
and viscosity, respectively. The findings revealed a direct relationship between enthalpy and thermal energy, with
improved energy storage capabilities resulting from the presence of nanoparticles. 3D plots of enthalpy, energy, and
velocity demonstrated a strong positive correlation, indicating that increased velocity enhanced convective heat transfer
and led to higher stored energy. The introduction of nanoparticles was shown to significantly increase the thermal
conductivity and phase stability of the PCM, though at higher concentrations, issues such as agglomeration and
sedimentation could reduce uniformity

[17] applied a control volume approach to evaluate the spatial energy distribution in NEPCMSs under varying temperature
gradients. The researchers modeled the PCM domain using two-dimensional cross-sections and discretized the thermal
field using the Finite Volume Method (FVM). The primary focus was to examine how spatial coordinates (Ax, Ay) and
temperature difference (AT) affected energy concentration and uniformity. The simulation employed characteristic scales
and implemented a non-linear enthalpy-temperature relationship to represent the phase change process. The findings
noted that energy distribution became more concentrated with higher temperature gradients. Spatial analysis indicated that
energy storage was more uniform in regions near the heat source and deteriorated along the Ax and Ay directions,
especially under lower thermal gradients. Surface plots further suggested non-linear dependencies between energy, spatial
position, and thermal gradients, highlighting complex interactions during the phase change process.

[18, 17] studies concluded that NEPCMs substantially improve the thermal behavior of LHTES systems. The inclusion of
nanoparticles not only increased thermal conductivity and energy storage capacity but also enhanced the uniformity of
heat transfer and phase stability over multiple cycles.

A. Literature Gap

Despite growing scholarly attention on NEPCMs for thermal energy storage, stability analysis within control volume-
based numerical frameworks remains insufficiently addressed. Foundational studies such as [27, 2] employed finite
element and control volume methods to simulate classical PCM phase transitions but did not consider the altered
thermophysical behavior introduced by nanoparticle inclusion. Critically, these studies omitted key aspects of numerical
stability, including timestep sensitivity, mesh resolution, and CFL constraints—factors essential for ensuring the
reliability of transient NEPCM simulations.

Subsequent contributions by [1, 26] focused on nanoparticle-driven thermal conductivity enhancements, providing
empirical and molecular justification for materials such as Al ;0 3, CuO, and CNTs. However, these works did not extend
their analysis to control volume discretizations or explore how such enhancements influence numerical stability or
convergence.

More recently, [15] proposed meshing techniques for NEPCMs, yet fell short of establishing analytical connections
between discretized energy equations, fluid velocities, and stability limits. Although numerical oscillations were
acknowledged, explicit stability formulations, especially those based on the Courant number, were not provided.

Studies by [5, 21] highlighted the need for improved NEPCM modeling incorporating latent heat and mixed-mode heat
transfer but did not assess the implications of spatial-temporal discretization on simulation robustness.

Closer to the current investigation, [18, 17] utilized finite volume methods to examine NEPCM thermal behavior and
spatial energy distribution. While insightful, their studies were primarily empirical, lacking derived velocity expressions,
CFL-based criteria, or visualized stability maps to guide mesh and timestep selection.

Across the literature, a clear methodological gap persists: the absence of an integrated framework linking NEPCM
thermophysical properties, control volume discretization, and numerical stability. This study addresses that void by
analytically deriving discretized energy expressions incorporating thermal conductivity, specific heat, and phase change
effects; extracting velocity evolution equations; and formulating Courant-based stability criteria. The work further
visualizes stability zones across mesh and material parameters, offering practical guidelines for robust NEPCM
simulations.
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B. Contribution

While extensive research has been undertaken on enhancing the thermal performance of nano-enhanced phase change
materials (NEPCMs), there remains a notable lack of focus on numerical stability within control volume-based simulation
frameworks. Prior studies [27, 2, 1, 26, 15, 5, 21] have either emphasized material-level enhancements or employed
discretization methods without systematically addressing mesh resolution, timestep effects, or Courant-Friedrichs-Lewy
(CFL) conditions critical for stable and accurate NEPCM modeling. Recent works [18, 17] provided valuable empirical
insights into energy behavior and flow dynamics but fell short of developing analytical stability formulations or
simulation design maps grounded in discretization theory.

This study addresses this methodological gap by contributing a comprehensive stability-oriented modeling framework for
NEPCMs under control volume discretization. The key contributions are as follows:

i. Analytical derivation of a discretized energy equation that incorporates nanoparticle-dependent thermal conductivity,
specific heat, and latent heat effects relevant to NEPCM behavior.

ii. Formulation of an explicit expression for velocity u; as a function of enthalpy gradients and grid resolution, linking
thermofluid behavior to numerical structure.

iii. Development of Courant-number-based stability criteria that integrate spatial and temporal discretization scales with
material parameters.

iv. Visualization of stability domains through 3D surface plots, contour maps, and vector field representations across
varying spatial steps (Ax, Ay), timestep (At), and nanoparticle volume fraction (¢).

v. Proposal of quantitative guidelines for selecting optimal mesh sizes and timesteps to ensure simulation stability and
convergence in NEPCM applications.

By bridging the gap between thermophysical modeling and numerical stability analysis, this study offers a robust
framework for simulating NEPCMs with high fidelity, thereby supporting the design of reliable, efficient, and scalable
thermal energy storage systems.

I1l. PROPOSED METHOD

In physical geometry and thermal energy systems, solar irradiation represents a fundamental source of heat, which is
conveyed through gravitationally driven hot water circulation and stored within a phase change material (PCM) during the
melting phase as latent heat. This stored energy is subsequently recovered during the solidification phase when thermal
demand arises. To enhance the thermal conductivity and overall energy transfer characteristics of the PCM, a controlled
incorporation of aluminum oxide (Al20s) nanoparticles is implemented. These nanoparticles are introduced at low volume
fractions and dispersed within a eutectic salt blend comprising sodium nitrate and potassium nitrate in a mass ratio of 3:2.
The selection of spherical nanoparticles with diameters approximating 100 nm is deliberate, as their morphology provides
a high surface area-to-volume ratio, which significantly augments conductive heat transfer at the microstructural level.

The development of the governing mathematical models for this system is predicated on the assumption of a smooth
interfacial boundary, where both the thermal conductivity and latent heat of fusion are modeled as continuous and
differentiable functions of temperature. Nevertheless, the modeling of phase change processes is inherently complex due
to the presence of a mushy or transition region. This region encompasses a coexisting mixture of solid and liquid phases
in which the transformation occurs, inducing non-linear variations in critical thermophysical properties such as density,
specific heat capacity, thermal conductivity, and latent heat. These parameters exhibit strong temperature dependency,
further complicating the accurate resolution of energy transport mechanisms within the domain. As the phase boundary
evolves temporally and spatially, the resultant mathematical formulation assumes the structure of an initial value problem
characterized by singularities at the moving interface. This introduces significant numerical challenges in simulation,
particularly in maintaining stability and accuracy at the phase front.

As highlighted in [25], three principal modeling strategies are employed to capture the physics of phase change: the sharp-
interface model, the enthalpy method, and the phase-field model. The sharp-interface approach conceptualizes the solid
and liquid phases as being distinctly separated by an infinitesimally thin boundary [9]. Within this formulation,
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discontinuities are introduced in transport properties such as density, thermal conductivity, and specific heat at the
interface. Furthermore, the latent heat of fusion is assumed to be either absorbed or released instantaneously at this
boundary, leading to discontinuous (step) changes in thermal properties. Consequently, the governing equations for the
solid and liquid domains are derived independently. While this method provides a structured framework for theoretical
analysis, it suffers from critical drawbacks: the presence of interface singularities in the mathematical formulation and the
need for sophisticated front-tracking algorithms to accurately capture the dynamic evolution of the moving boundary.

A. Boundary Conditions

The physical model representing PCM under consideration is enclosed within an annular cavity formed between two
concentric horizontal cylindrical shells with the inner wall considered to be very thin and subjected to a constant heat of
235 °C (1°C higher than the melting point of the PCM) at I;. The walls T3, T3 and I, are under adiabatic conditions,
enclosing the domain within which simulation of storing of thermal energy takes place during charging. The source of
heat triggers melting of the PCM causing it to move upwards within the domain at an initial velocity of 0.03 m/s.
Elementary cross-section of the domain within x and v, is illustrated in Fig. 1.
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Fig. 1: Cross-sectional cavity for modelling the phase change process.

The length of the boundaries (x and ¥) enclosing the domain are in the ratio 1: 1 and the boundary conditions are
presented in Fig. 2.
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Fig. 2: Hlustration of the boundary conditions.
={01}x {0} 5 =¢ (2)
This is the bottom wall, Neumann boundary condition specifying heat flux.
r={01} x{d} = =0 @
This is the right vertical wall, adiabatic condition with no heat flux.
I = {1} x {0.d}, L =0 ®
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This is the top wall, adiabatic condition with no heat flux.
8T
Ly ={0}x {0,d}, =~ =0 4
This is left vertical wall, adiabatic condition with no heat flux.

B. Governing Equations

Under the assumption that the nanofluid constitutes a continuum medium in which thermal equilibrium is maintained
between the base fluid and the suspended nanoparticles, the governing equations are systematically derived through the
integration of the fundamental conservation principles of mass, linear momentum, and energy. This coupled framework
forms the basis for characterizing the thermofluidic behavior and dynamic evolution of the nanofluid system.

i). Conservation of mass
The conservation of mass, formally represented by the continuity equation, stipulates that the temporal variation of mass
contained within a control volume VVV must be balanced by the net mass flux across the control surface S

%1V (pP)=0 (5)

where p is the fluid density and ¥ is the fluid velocity vector. Due to incompressibility of the fluid flow after melting
process, Z—f reduces to zero since the density is assumed to be constant and hence the equation becomes

V-V=0 (6)

However, for problems with moving grids, which involve continuous changes of control volume, this term might be
considered depending on the numerical method employed.

ii). Conservation of momentum

A second fundamental formulation emerges from the application of Newton’s Second Law of Motion, which establishes a
relationship between the net forces exerted on a fluid element and its resulting acceleration. The momentum conservation
equation posits that the total change in momentum, comprising both the temporal rate of momentum accumulation within
the control volume and the convective (or advective) transport of momentum across its boundaries, is governed by the
sum of all external forces acting upon the fluid contained within the control volume. This principle is mathematically
expressed as:

a_’ a_. — — — — =
424 (V- 9)V] = —Vp + uVPT + w2V + pd(T — To) +5, @)

The momentum equation in x direction is given by

a%u B:u)

du du du __ﬂ_p
p(a—i-ua—i-ua)— a.:;—l_“(a.x”—l_ (8)

E]

dy=

and momentum equation in y direction

du du B dp #v v
p(a+ua+u )—5—1—;!,( — + )—Irﬁpg(T—T,,)(Q)

5 gz gyt

where p is the density, p is the pressure, it is the dynamic viscosity, t is the time, B is the thermal expansion coefficient of
the PCM, g is the gravitational acceleration, T is the temperature, T.. is the reference temperature. Assumptions to be
made in phase change process are: the liquid phase of PCM is Newtonian and laminar, incompressible fluid with transient
state of flow, all thermophysical properties of the PCM are assumed to be constant, the Boussinesq model is used in the
buoyancy force term. In the energy equations, the internal heat generation and the viscous dissipation effect are neglected.

. o ar ap . Lo

The pressure inside the domain is constant and hence = and - reduce to O leaving the momentum equations in x and v
:p‘ L

direction as:

-
u d“u

g du du #%u
P(E'FTJE-FUE)—H(&T-FF) (10)
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8 8 8 §v | 8
PG +ug + v =pGE+52) +Bpg(T—T,) (12)
iif). Conservation of energy

In fluid flow rate of increase in energy of the fluid particles is equal to the sum of net rate of energy gained by fluid
particles and net rate of work done on the particles, given below as:

St , O e SPT

The derivation of the energy equation is fundamentally based on the First Law of Thermodynamics, which asserts that the
temporal change in the total energy contained within a control volume arises from the mechanical work performed by
external forces and the net heat transfer into the system. The Finite Volume Method (FVM) is formulated from the
integral form of the conservation laws. Rather than applying differential approximations at discrete points, FVM operates
by subdividing the computational domain into a finite number of control volumes and computing the total flux across
each volume’s boundaries. During each time step, these fluxes are updated based on the flow across the edges of
individual control volumes.

The discretization process in FVM involves three primary stages: domain discretization, temporal discretization, and the
discretization of the governing equations. Domain discretization refers to the numerical subdivision of the physical
domain into discrete elements, typically referred to as control volumes, with each volume associated with a computational
point, often located at its centroid—where the dependent variables are evaluated. This procedure is known as grid
generation. Time discretization entails the segmentation of the entire simulation period into a finite sequence of small
time steps, ensuring numerical convergence and stability. Finally, discretization of the governing equations involves
substituting the continuous differential terms with algebraic approximations that relate variable values at adjacent
computational nodes within the grid, as schematically illustrated in Fig. 3.

Fig. 3: 2-dimensional control Volume

The following variables are used to non dimensionlize the parameters: time, distance, velocity, temperature and pressure
as:

s_ ¥ e _Z u . v x * - « _ I-T; .
Y=L = u = v =W = p =EIE§G,T =—2T=T"AT+T,.
' ‘ .1 o "1

The flow of molten PCM is governed by continuity equation and momentum equations expressed in cartesian coordinates.
Non dimesionalizing (5), yields
a

R
V—Iaﬁ'_}'aﬁ'kﬁ (13)
V = ui 4 vj + wk (14)
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= ﬁ'v ow

v-r= ax 6';» Bz (15)
In 2-Dimensional, (12) becomes,

du | dv

=Ty O o
which upon Non-Dimesionlizing (15), yields

Bu'lly, | 8v'l,

ax"L ay°L =0 (17)

Factorizing and simplifying (17) results in:

du*  gr*

2 Tay 0 o

Discretization of the normalized conservation of mass (18) from an infinitesimal control volume enclosure at the point
P = (i) results in

[ 3 i 1 du’ I 3 i L ogv* .
fis flot fxi*l— P gyt + [ J" o x;T 2 g dy*de” (19)

Integration with respect to time and y yields
At' Ay jf*‘a” dx' +At Ax [ U*‘;‘: dy* (20)
(i J U =)
Discretised equation is then obtained as

Attt Ayi(u u’ 3,|)+:ﬁt”.ﬁx”[v6+g\l—v”_ 1)=0 (21)
274 27

(+3) (- (-3
Re-expressing yields,

1+1,t _i' 1+1,?

Ay At{( ‘“W) (=L A fﬁt{(}“ j) (=0 (22)
Followed by

ﬂ( Uiy — U 1)"‘&r e (Vis1—Vvj21)=0 (23)
Simplifying further yields,

Ay (Ui —ui_ ) +Ax (v —vi_1) =0 (24)

Non-dimensionlizing (8), momentum equation in x-direction using, the non-dimensionalization variables, we get

Bu _ UZ du'

P (25)
Similarly the other partial derivatives are obtained as:

du _ Bu'Up)dx® Uy du’

gx  dx' dx L ax* (26)

du _ Bu'Up) 8y’ Uy du’ @7)

dv - ay*  ay T L ay*

8% u _ 8 8 fu, e’ _Ujﬂzu*

2% dx' dx ( L ﬁ.r') T L aat? (28)
and

8u Uy 8u’y _ Uy 8°u’

= (Tn) =25 (29)
Substituting (25)-(29) in the momentum (8), yields,
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UZ, gu’ U, du* U, 8*u Uy, 8%u*

p(L ar’* wle L dx ‘+ Ve Loy H L_?ﬁ'.r‘g—i_ a;*ﬂ) (30)
Multiplying (30) Wlth = ylelds

du® L au’ i % u a2 u*

Grtuw-+7v @)—pw (ax*z ;z) (31)

Re-expressing (31) to 0, yields

e B L S B (32)
resulting into Non-dimensionlised momentum equation in x direction with Reynolds number p;‘—ur“:é, Re =p:ﬁ
Refer to Conservation of energy (12), the enthalpy H of PCMs is defined as,

H=Cy,(T—T,)+fL (33)

where f; is the PCM liquid fraction and L is the latent heat of the PCMs. By caculating the enthalpy H of PCMs, the
liquid fraction and temperature can be updated by the following equations

0, H<H,
H-H,
s <
fi=Ammm, Hs=H<H (34)
1, H=H,
=% H<m,
Cp
Tww H:<H<H
T=1"™ . (39)
T+=—, H<H
Cp
Non-dimensionalizing (12) using the non-dimensionalization variables, yields,
UL ﬁ‘(pH|+ c, [u* « Uge 8T .;T:-T '+‘u Lm(r £.T+Tm|]
_k 63(1" AT+T) n az(r .«;r+rm.] (36)
L dxt?
Multiplying (36) by and taking T,, = 0, yields
::lth
ﬁ'(pH| a(:" AT) LATAT), kB (TaT) | §(TAT)
+ C |: + v aJ_J - Um[ ax$3 aytﬂ\.l :| (37)
Further simplification of (37) as we multiply by i yieIds,
1 8(pH) LOT k&'
AT ats g ® _Um [axsg a 33] (38)
Discretizing conservation of energy (38)
t(k+1‘ U+ (H—‘ iﬁ'H ﬁ'T‘
ffck} f f ity Lrar‘+p il
+pC,
Lk [ 1 1 4=}
J;;ji“ J" 0+ f “; T+ T jdxdyar
(39)
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Integrating the components of (39) yields,

Axth Aytart . . Ax*art
Ty —{Hyp1 — Hp}+ Cp—— . (Tiz+l| T 1.)"‘5 . — v (TG — T(i-ny)
—A YA (2T L2041y
=AY AL o )+.ﬁx At e )
(40)
Hence discretised energy equation is given by
S{Hyyy — Hid + 054p(C )1 (Tiy ) — Tioyy ) + 0.5Bp(Cp) v} (vjeny — Ti-1) 1)
=U_M{Q( iv1 — 2T + T2+ R(Tiy — 2T + 17210}
where § = % the simplified discretised energy equation after dropping * yields,
S(Hyepy — Hie) +0.54p(C, ) 1s(Tisa1) — Tio—1y) + 0.5Bo(Cp) vy (Tyjny — Tij1y) 42)
k”
= u:: {Q(Ti1 —2T; + Tmy) + R'(Tjyy — 2T; + Tj_1)}
The thermal conductivity of NEPCM is calculated according to the Maxwell model as
_ kp+2kpoy—2(kpey—kp)g
knf = Fpcu kpt2Zkpem+(Rpem—Kpl@ (43)
where kpcy, ky, and k¢ are thermal conductivities of pure PCMs, nanoparticles and NEPCMs respectively.
The density of nanofluid p,, ¢ is calculated as
Pnr=(1—D)pPpcu + PPy (44)
where ppcy, and p,, are densities of pure PCM and nanoparticles. The heat capacitance of NEPCMs (pcy, ), is defined as
[pcp)nf (1 - ¢)@Cp)PC&f + ¢@Cp)p (45)

where (pcy,)pey IS the heat capacitance of the PCM, and (pc,), is the heat capacitance of nanoparticles. Thermal
expansion volume of NEPCMs (pf),, is given as

(PB)Ing = (1 =) (PB)pcu + @(PL)y (46)

where (2£)pcy and (pf), are thermal expansion volume of pure PCM and nanoparticles, respectively. The latent heat of
NEPCMs is computed as

[F'L)nf =(1—-¢)(PL)pcu (47)
where (pL)pcy is the latent heat of pure PCM. Then the corresponding enthalpy of NEPCM H,, ¢ is given as
anchnf(T_Tr)'i'ﬁLnf (48)

C. Stability Criterion

Applying the Von Neumann stability analysis requires that we discretize (42) in both time and space. Let At be the time
step, and Ax and Ay be the spatial steps in the x- and y-directions, respectively. The Courant-Friedrichs-Lewy (CFL)
condition provides a necessary criterion for stability in numerical solutions of PDEs. For (42) and is attained as outlined
in the following steps

1. Step 1: Discretize the equation
To apply the CFL condition, we first discretize each term in both time and space. Let At be the time step, Ax be the spatial

step in the x-direction, Ay be the spatial step in the y-direction.
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2. Discretizing each term

() Time Derivative Term: Approximating Hy.,; — Hy, in the time domain as:
Hyoy — Hy, & 2 At (49)
(b) Convective Terms: For the convective terms

T4y —Ti—yand T;,, — T;_4, we use central differences:

8T o BT
Tio1— Ty ™2 B Ax, Tjyy =T ¥ 2 a3y Ay. (50)

(c) Diffusive Terms: For the diffusive terms T;,; — 2T; + T;_; and T}, — 2T; + T;_4, we approximate as:

x T A 2
T‘+1_2TE+TE'—1 “mjiﬁx y

1

@7 (51)
T =2+ Ty ¥ 5 8y%
3. Step 2: Construct the discretized form

Inserting these approximations in (51) into (42) gives a discretized form of the original PDE. Ignoring coefficients for
simplicity, the equation can be written in a simplified form as follows:

2—f At + (Convective Terms) + (Diffusive Terms).

4. Step 3: Apply Von Neumann stability analysis

Von Neumann stability analysis assumes that the solution can be expressed in terms of Fourier modes. Let’s assume a
Fourier mode solution of the form:

Th = f“efm-’:i

i r
where £ is the amplification factor and w is the wavenumber. For stability, we require |&] = 1 for all w.
5. Step 4: Apply the CFL Condition to the Diffusive Term

The CFL condition primarily affects the diffusive term. For stability in two dimensions, the time step At must satisfy:

2 2
At <> (‘““— + 'i), (52)

B oy

where @, = LC and a,, = pic' are the thermal diffusivities in the x- and y-directions, respectively. Inserting the thermal
B B

diffusivity values for this problem, we get:

1k 1 ko1
el I T
S= 2 (pcp Ax® + PCy sz)’ (53)

which is the final stability criterion derived using the CFL condition. This inequality must hold for the discretized
equation to be stable under the CFL condition.

6. Step 5: Interpretation of the CFL Condition

The CFL condition derived above provides a limit on § to ensure stability: 5 is limited by a factor that depends on the
thermal diffusivity (p%), as well as the spatial resolution in both directions (Ax and Ay). — This condition ensures that the
)

numerical solution remains bounded over time.
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IV. RESULTS
A. Numerical Computation

To explicitly extract velocity u; from (42) (or its discretized form), we isolate it from the full energy balance equation to
obtain

_ 1 k 2 2
u; = m [U_w (QA% + RAY) — S(Hyyy — Hy) — 05BpCLv(Tiy g — T}—l)}

(54)
where A2 =T, , — 2T, + T;_4, .ﬁ:i, =T;41— 2T; + T;_. Thus, the final expression becomes,
Y 1 L(Q(ml—zm?}_lﬂ)_
L 054pCy(Tis1-Timy) oo \ R'(Tjyq — 2T; + T;_1)
S(Hyyy —Hy) = 0.5BpCpv;(Try — Tiy))]
(55)
Substituting S in (53) into (55) yields
N S 2 2
= 0.53ApCo(Ti41-Tim1) [Um [:Qﬂ'.:; + R&‘v) (56)

k 1

1
S (==+ E) (Hyep1 — Hy) — 0.5BpC,ov; (Tyyy — Ti_y)]

B. Parameter estimation
The numerical simulations depends on the following parameters estimated in TABLE 1.

TABLE I: Parameter estimation (Estimation is based on Aluminum Oxide (41,0;) as nano particles) and PCM.

Parameter| Description Value range Value Value Units | Source
used Computed
Py Density of Al,0; 4—4.95 4.5 g/em?|[13]
Density of NaN O, 2.26 - 2.17 [11]
PP Density of KNO, 211 : - [12]
Cp Heat capacity of Al,04 0.849 — 0.9 0.88 - I/E 4]
Copes Heat capacity of NaN O, 0.072—-0.296 |0.129 0.137 [3]
’ Heat capacity of KNO; 0.142 - [10]
8, Coefficient of Thermal expansion volume 75 % 10-6 ) 75 % 10-8 /K [20]
of AL, 0y
Coefficient of Thermal expansion volume 83 x 10~ ] 579 [6]
Becu ?:f Nf(:ﬁ = f Thermal ion vol
o;);n:g:nt of Thermal expansion volume |, 0 4 -6l 49 i 8]
kp Thermal conductivity of Al,04 237 - - W/mK| [29]
K Thermal conductivity of NaN 0, 0.5 -0512 0.512 0.58 [14]
Feut Thermal conductivity of KNO; 0.62 - [23]

C. Numerical simulation

This section presents the stability and energy response of a NEPCM system using the finite volume discretization of the
energy equation. The governing relationships are based on (42), (43),(46), (53) and (56) and Fig. 1 and Fig. 2 from the
study. Stability, energy distribution, and wvelocity behavior are examined across varying spatial and thermal
configurations. Fig. 3 illustrate the relationship between nanoparticle volume fraction ¢, maximum stability criterion S,
and the corresponding energy behavior of nano-enhanced phase change materials (NEPCM) when analyzed under the
control volume method.
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Fig. 3: Relationship between nanoparticle volume fraction ¢, maximum stability criterion Sy, () Smax as a function of
nanoparticle volume fraction ¢. (b) Energy content AH as a function of nanoparticle volume fraction ¢. (c) Relationship
between Energy and Stability Number Sy, 4+

Fig. 3 demonstrates the variation of S,,., with nanoparticle volume fraction ¢. Initially, as ¢ increases, S,.; decreases
sharply. This behavior is due to the dominance of the increase in effective density and specific heat (o,¢Cyy¢) OVer the

increase in thermal conductivity (ky¢), resulting in reduced thermal diffusivity e, ;= 5 ¥af _ and hence a lower stability
nfp.nf

threshold. However, beyond a critical concentration near ¢» = 0.3, a slight recovery in S,,.. is observed. This rebound
suggests a nonlinear interaction governed by the Maxwell-Garnett model and thermophysical balance, indicating an
optimal range of nanoparticle loading for numerical stability in simulations.

In Fig. 3, the energy requirement AH to achieve a given thermal state is plotted against ¢. As expected, AH increases with
¢ due to the increasing effective heat capacity of the NEPCM. However , after peaking around ¢ = 0.3, further increases
in ¢ contribute less significantly to energy gain. This saturation arises from diminishing returns in heat capacity
enhancement and increased thermal resistance due to higher particle loading.

Fig.3 visualizes the relationship between energy and S,,... The inverse correlation is evident: as Sy,., decreases, the
required energy AH to maintain thermal balance increases. This reflects a fundamental trade-off in NEPCM optimization,
while higher ¢ enhances energy storage, it also reduces the permissible stability range for numerical schemes.
Consequently, achieving thermal efficiency via nanoparticle addition must be balanced against numerical constraints
imposed by the stability criterion.

A higher volume fraction improves thermal storage but narrows the stability margin, potentially destabilizing the
computation unless finer spatial or temporal discretization is adopted. Therefore, selecting ¢ ~ 0.3 appears optimal,
maximizing energy gain without significantly compromising numerical stability.

D. Stability Analysis of NEPCM in Control Volume Framework

Fig. 4 explore the variation of the maximum stability number S.,., with respect to discretization parameters Ax, Ay, and
the time step At. These parameters are critical in defining the numerical stability of the finite volume scheme applied to
the simulation of nano-enhanced phase change materials (NEPCM).

Stability Surface (dy = 0.012, u=0.10) <0 smax with Axand Ay

TS Smax vs.Ayand At
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Fig. 4: Relationship between nanoparticle volume fraction ¢, maximum stability criterion 5,.,: (a) Effect of 5,4, on Ax
and At. (b) Effect of 5,4, on Ax and Ay. (c) Effect of 5,4 On Ay and At
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Fig. 4 reveals that S, decreases nonlinearly with increasing At for fixed spatial resolution, while it increases with larger
Ax. This indicates that as the spatial resolution becomes finer (i.e., smaller Ax), the numerical scheme becomes more
restrictive in terms of allowable time steps, reducing Spax This highlights the trade-off between accuracy and stability in
the simulation.

Fig. 4 shows a symmetrical behavior of S,.., Which is evident when plotted against Ax and Ay. As both spatial steps
decrease, Spax also decreases significantly, emphasizing the sensitivity of the stability criterion to spatial discretization.
The curvature of the surface suggests a quadratic dependence. For practical modeling of NEPCM, it is essential to avoid
excessive spatial refinement unless compensated by extremely small time steps.

Fig. 4 extends the insight by focusing on Ay and At while fixing Ax. Similar to the previous cases, increasing At leads to
a sharp decrease in 5., While increasing Ay results in a corresponding rise in stability threshold. This relationship
emphasizes the importance of maintaining a proper ratio between temporal and spatial resolutions for achieving stable
simulations.

These stability characteristics become particularly significant when simulating NEPCM systems due to their temperature-
dependent properties and enhanced thermal conductivity. The use of high-resolution grids to capture phase change fronts
or sharp gradients must be carefully balanced against the imposed time step to avoid violating stability constraints. Failure
to do so may result in spurious oscillations or divergence in the numerical solution. Thus, optimizing Ax, Ay, and At
based on local S, profiles is a crucial step in developing a robust and accurate control volume framework for modeling
thermal storage in NEPCM systems.

E. Stability Variation with Grid Size, Time Step, Velocity, and Volume Fraction

The stability criterion for numerical schemes such as the FVM is significantly influenced by discretization parameters and
thermophysical properties of NEPCMs. Fig. 5 demonstrate how the maximum allowable stability number S,.. varies
with the spatial step Ax, the temporal step At, fluid velocity 1, and nanoparticle volume fraction ¢.

S ax VS- Velocity and Time Step @ S, vs¢and Ax S,,ax VS Velocity and A x

4 ma

< " oos
0.01 Sy, P 0.04
0015 " 0w 001
A X (m) 002 0
¢ Volumetric Fraction

0m

Ax(m) o o Velocity u, (m/s)

At(s) 80 Velocity u (m/s)

Fig. 5: Stability Variation with Grid Size, Time Step, Velocity, and Volume Fraction: (a) Effect of 5, on At and u,
(b) Effect of 5,0, 0N 4x and ¢. And (c) Effect of 5., On Ax and «.

Fig. 5 shows that increasing the spatial discretization Ax generally increases the maximum stability number Sp..,
especially at lower fluid velocities. However, as velocity increases, Sy« sharply declines for a given Ax, indicating that
finer spatial resolutions become more unstable under high convective conditions. This trend highlights the sensitivity of
numerical stability to the advective term, which scales with ;.

In Fig. 5, Spay increases with time step At for a fixed velocity. This is expected since larger time steps ease the restrictive
nature of explicit schemes; however, for small time steps and high velocities, the stability condition tightens considerably.
The vertical gradient in the color map underscores the dominance of convective effects in destabilizing the scheme.

Fig. 5 analyzes the role of nano-enhancement via ¢ on numerical stability. At low values of ¢, increasing Ax significantly
raises Smax. However, as ¢ increases, the gain in Sy, becomes subdued. This phenomenon is linked to the thermal
diffusivity ans = kpe/(pnsCone): although ky¢ increases with ¢, the rise in heat capacity and density is more substantial,
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leading to a reduction in ep¢ and thus in Sy,... The non-linear rise of k¢ modeled via the Maxwell equation contributes to
a slight rebound in S, at high ¢, though the effect is minimal. These stability contours are critical for selecting
appropriate numerical parameters in control volume simulations. For optimal performance: Use moderate ¢ (typically
¢ < 0.3) to prevent excessive damping of thermal diffusivity; avoid large u or reduce Ax to maintain stability; and
employ adaptive time-stepping to balance between accuracy and convergence when velocity or ¢ increases.

F. Energy-Stability-Velocity Interaction in NEPCM

The relationship between energy, stability, velocity interaction in NEPCM is presented in Fig. 6.

Energyvs S vs Velocity Energy vs. ¢ vs. Temperature T,
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Fig. 6: Stability Variation with Grid Size, Time Step, Velocity, and Volume Fraction for Energy vs. S;,4. VS.
velocity u; and Energy H vs. volume fraction ¢ vs. initial temperature T;.

Fig. 6 illustrates the relationship between energy, maximum stability number (5,..), and inlet velocity (u;). It is evident
that the energy content increases sharply with decreasing Sp..., especially at lower velocities. This trend highlights the
inverse proportionality between numerical stability and energy uptake; as Sy,., decreases (implying reduced stability
margins), the system permits higher energy storage. However, this comes at a computational cost, necessitating finer
discretization or smaller time steps to maintain accuracy and convergence.

Fig. 6 further expands the energy landscape by plotting enthalpy H as a function of the nanoparticle volume fraction (¢)
and initial temperature (T;). The energy rises consistently with both increasing ¢ and T;, reinforcing the thermophysical
enhancement provided by the nanoparticles. Specifically, the increased specific heat and thermal conductivity of the nano-
enhanced PCM (NEPCM) contribute to improved heat absorption capacity. However, the shape of the surface suggests
nonlinearity in response—likely due to changes in effective thermal diffusivity e, and its impact on transient heat
transport.

These results imply that while increasing ¢ and reducing Sy... (e.g., via finer spatial/temporal resolution or slower
velocities) improve thermal performance, they also impose stricter numerical stability constraints. For effective control
volume simulations, this trade-off must be optimized by selecting ¢ and u; combinations that maximize energy benefits
without violating the S;,., threshold. The control volume method’s sensitivity to both flow and material parameters is
evident, underscoring the need for a coupled thermal-hydrodynamic optimization framework in NEPCM design.

G. Effect of Time Step on Stability

Fig. 7 presents four plots depicting the stability surface Sy,.x in the Ax-Ay plane at different time steps At (0.10 s, 0.38 s,
0.72 s, 1.00 s), with phase plane representations (quiver plots showing gradient directions) depicting the numerical
stability behavior of the finite-volume discretization scheme applied to NEPCM.
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Fig. 7: Effect of Time Step on Stability at At = 0.1,0.38,0.72 and 0.2sec.
Fig.7 indicate that increasing At leads to a proportional decrease in the computed stability values. Specifically, as At
increases from 0.10 s to 1.00 s, the color gradients in the plots shift toward lower values, and the upper limits of the
colorbars reduce from approximately 4 x 1072 to less than 4 x 10™*. This inverse relationship highlights the importance
of small time steps in maintaining higher numerical stability limits for a given spatial discretization. Fig. 7 indicates that
the contour shapes are consistent, with maximum s,,,.... values located at the upper-right corner of the phase plane, where
both Ax and Ay are large. These phase-plane plots offer a valuable design tool: for any selected At, the permissible
combinations of Ax and Ay that ensure stability can be readily identified. Moreover, this visualization aids in optimizing
computational efficiency by enabling the largest stable time step for a given grid resolution. Therefore, balancing time and
space discretization is essential in control volume simulations of NEPCMs, particularly when resolving steep gradients
during phase transitions.

Despite the change in magnitude, the gradient directions (red arrows) are consistent:
e Arrows point toward increasing Ax and Ay

e This implies stability improves with coarser grids, reinforcing the idea that small spatial steps reduce the stability
margin for a given time step.

o At lower At, contour levels are spaced wider, indicating higher stability potential.
e At higher At, contours become compressed near the origin, indicating narrower zones of acceptable stability.

This reflects the CFL) condition: as At increases, allowable Ax and Ay for stable simulations decrease. In NEPCMs,
accurate and stable simulations require proper tuning of time and space steps due to enhanced thermal conductivity and
density and coupled heat and fluid flow effects. For finer grid simulations (Ax, Ay — small), one must use smaller At to
remain within the stable envelope. At higher At, stability drops rapidly, necessitating more robust schemes or adaptive
time stepping. Fig. 7 confirm that stability is directionally governed by increases in both Ax and Ay. Maintaining control
over At is critical in high relationship with NEPCM simulation equations to avoid numerical divergence.
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V. CONCLUSION

This study establishes a stability-centric numerical modeling framework for NEPCMs using the control volume method.
The derived discretized energy equation incorporates thermophysical dependencies including nanoparticle-induced
variations in thermal conductivity, specific heat, and density. A novel velocity expression, directly linked to enthalpy
gradients and grid resolution, enables quantitative analysis of flow behavior in the melting domain. Key findings indicate
that while increasing nanoparticle volume fraction (g) enhances energy storage capacity, it concurrently reduces thermal
diffusivity and, by extension, the numerical stability margin. The Courant-number-based stability criterion, expressed as

5= a—i‘" emerges as a pivotal parameter, governing the permissible combinations of spatial and temporal discretization
for stable simulations.

Simulations reveal that coarser spatial grids and shorter time steps promote numerical stability, while fine discretization
and high nanoparticle loadings necessitate adaptive schemes or tighter CFL control. Phase-plane and contour analyses
illustrate directional trends in stability, with arrows consistently favoring larger Ax and Ay, reaffirming the benefits of
grid coarsening in maintaining computational robustness. The proposed methodology addresses a critical gap in NEPCM
modeling by linking physical parameters to numerical stability via analytical and visual tools. These insights offer
practical guidance for the selection of simulation parameters in energy systems design, ensuring accurate, efficient, and
stable numerical representations of thermally enhanced PCM domain.
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